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Abstract

This paper evaluates a new, low-frequency finite-difference time-domain method applied to the problem of induced E-fields/eddy

currents in the human body resulting from the pulsed magnetic field gradients in MRI. In this algorithm, a distributed equivalent

magnetic current is proposed as the electromagnetic source and is obtained by quasistatic calculation of the empty coil’s vector

potential or measurements therein. This technique circumvents the discretization of complicated gradient coil geometries into a mesh

of Yee cells, and thereby enables any type of gradient coil modelling or other complex low frequency sources. The proposed method

has been verified against an example with an analytical solution. Results are presented showing the spatial distribution of gradient-

induced electric fields in a multi-layered spherical phantom model and a complete body model.

� 2004 Elsevier Inc. All rights reserved.
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1. Introduction

Numerical modelling of the E-fields or eddy currents

induced in the human body by the pulsed field gradients

in MRI presents a difficult computational problem. It

requires an efficient and accurate computational method

for high spatial resolution analyses with a relatively low

input frequency by computational electromagnetic

standards. Several methods, including analytic [1,2], fi-
nite element [3], impedance [4], and finite-difference [5,6]

have been developed for the evaluation of the eddy

currents in biologically relevant samples. Among them,

the finite-difference time-domain (FDTD) method [7–

11] has been used extensively for MRI applications.

Some of the technical problems that first appeared in

relation to the application of FDTD scheme to low

frequency problems such as gradient switching have
been solved to some extent. For example, in order to

circumvent the unacceptable computation time required

to use conventional FDTD technique at low frequen-
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cies, an effective Fourier analysis-based time/frequency
numerical conversion technique [10] and a quasistatic

approximation approach [9] by alternating the trans-

mission media (setting the relative permittivity to unity)

have been proposed to improve the convergence speed.

As source injection in the FDTD simulation plays a

crucial rule in obtaining accurate solutions, a voltage

source model [11] has been constructed by making use

of the derivative of the input source waveform and
advantages over direct current source injection demon-

strated.

In low-frequency, current-source based FDTD algo-

rithms [10,11], gradient coils are modelled as standard

current/voltage sources and discretized into a mesh of

Yee cells; however, when the coil geometry becomes

complex, this becomes both difficult and inaccurate. The

use of distributed source fields has previously been used
[7–9] to assist with this problem.

In this report, a modified, distributed equivalent

magnetic currents (DEMC) based FDTD method is

proposed to further enable complex, low frequency

source modelling. It has been demonstrated that the

total-field/scattered-field concept can be used to for-
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mulate a low-frequency FDTD algorithm, where the
electromagnetic source can be simply obtained by

quasistatic calculation of the empty coil’s vector

potential or measurements therein. This source model

successfully circumvents the discretization procedure of

complicated coil geometries, and therefore can be used

to investigate a variety of gradient sets in MRI.
Table 1

Tissue layersa (r: radii (mm)) and the dielectric datab ((r; er): conductivity (S

Data Layer

White matter Gray matter CSF

r 60 80 84

r 0.0626 0.099 2.000

er 69813 164060 109

a [19] and references therein.
bReference: http://www.brooks.af.mil/AFRL/HED/hedr/.

Fig. 1. Calculation of the eddy currents (jJ j) inside the seven-layered

spherical phantom excited by a typical z–gradient coil system [14]. (A)

Schematic arrangement of the phantom inside the coils. To generate a

slew rate of dB=dz=dt � T=m=s, the coil current is about I ¼ �500:0 A
and the frequency is 1 kHz. The induced fields were calculated as a

function of phantom position with respect to the gradient system. (B)

Comparisons of Debye Potential (DP) based analytic solution [18] and

FDTD solution along the radial distance at y ¼ 0. The field values are

shown for three different positions: z ¼ 0, 0.3, and 0.6m (Z0;Z1;Z2),
respectively.
2. Theory

Due to the linearity of Maxwell’s equations [12], the

electric and magnetic fields can be expressed as the

summation of the incident components and scattered

components, i.e., E ¼ Ei þ Es;H ¼ Hi þHs. Ei;Hi are

the values of the incident wave fields, which are easily

obtained at all space points of the FDTD grid. Es;Hs

are the unknowns of the scattered wave fields, which are
resultant from the interaction of the gradient fields with

the human body.

If Faraday’s law is written as

r� E ¼ �lo Hið þHsÞ=ot: ð1Þ
Then

loHs=ot ¼ �r� E� loHi=ot ¼ �r� EþMi; ð2Þ
Where Mi is the defined distributed equivalent magnetic

current (DEMC) with can be expressed as

Mi ¼ �loHi=ot ¼ �o rð � AÞ=ot; ð3Þ
Where A is the vector potential of the gradient coils.

Similarly, Ampere’s law can be written as

r� Hið þHsÞ ¼ r Eið þ EsÞ þ e0eroE=ot: ð4Þ
Now in the problems at hand,

r�Hi ¼ e0oEi=ot: ð5Þ
So, from Eqs. (4) and (5), one can obtain

e0oEi=ot þr�Hs ¼ rEs þ rEi þ e0eroE=ot: ð6Þ
At low frequencies, inside the body, the conduction

current is much larger than displacement current, i.e.,

rEi � e0oEi=ot. Therefore, the component e0oEi=ot can
be ignored when considering eddy currents (rðEs þ EiÞ)
and the following relationship can be deduced

r�Hs ¼ rEs þ rEi � e0oEi=ot þ e0eroE=ot

� rEs þ rEi þ e0eroE=ot ¼ rEþ e0eroE=ot:

ð7Þ

So, the final formulations can be written as:

loHS=ot ¼ �r� EþMi

e0eroE=ot ¼ r�HS � rE

�
Inside the body;

loHS=ot ¼ �r� ES

e0oES=ot ¼ r�HS

�
Outside the body:

ð8Þ
/m), relative permittivity) of the sphere model at 1 kHz

Skull Muscle Fat Skin

88 92 98 100

0.0202 0.321 0.0224 0.0002

2702 434971 24105 1136
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In this way, the scattered component is used for H field
calculations in all space; while for E field calculations,

the total field is considered inside the body, but only the

scattered field is calculated in free space. The interaction

with the gradient coil structure is ignored since it is

minimal for gradient fields. The magnetic currents Mi

can be readily calculated using low-frequency electro-

magnetic formulations [13].
Fig. 2. Calculation of the induced electric fields inside the human

whole-body model excited by a typical planar gradient y–coil [14].

(A) Schematic arrangement of the human model inside the coils. To

generate a slew rate of dB=dz=dt � 100T=m=s, the coil current is

about 300.0 A and the frequency is 1 kHz. (B) The distributed

equivalent magnetic current profile (see Eq. (3)). (C) The calculated

induced E-field profile.
3. Simulations

A previously developed FDTD computer code [10]

was modified for the eddy current field calculations.

The electromagnetic source, distributed equivalent

magnetic currents (DEMC), generated by gradient

coils are evaluated using a vector magnetic potential
expression [5,13]. In the calculations, the transverse

coils are approximated by polygons and the expres-

sions for circular coils such as z–coils are computed

using elliptic integral expressions. In this study, the

coils are driven by sinusoidal varying current of 1 kHz.

The gradient coil data is obtained from designs based

on a simulated annealing optimization method [14].

Note that only the locations within the biological
model require a calculation of the DEMC. Where the

design patterns are not known, the gradient magnetic

field can be measured, interpolated and used to derive

a DEMC. The electromagnetic data of the human

body used in this work is obtained from the US Air

Force Research Laboratory (http://www.brooks.af.mil/

AFRL/HED/hedr/), which represents a large male.

The original spatial resolution of the model is 1mm.
For the numerical computation, the model is mapped

onto a defined grid with volume-averaged conductive

properties. There are a total of 40 segmented tissues in

the whole body model. For the FDTD calculation, a

three dimensional, 12-layered PML absorbing bound-

ary [10,12], which truncates the computational do-

main, is deployed around the biological model.

Calculation of the eddy currents in a multilayered sphere

model

Before embarking on the body model calculations, it

is useful to investigate the eddy currents induced in bi-

ologically useful phantoms [15–17]. Here we first con-

sider a head model which is a seven-layered, concentric

spherical volume conductor, with similar radial con-
ductivity and permeability profiles as a human head (see

Fig. 1A). The layers are structured to attempt to rep-

resent a typical head structure. The phantom details are

described in Table 1. In this table, the dielectric data is

also from the described body model. In the numerical

implementation, the cell size is 2mm. In this case, a

typical z–Gradient coil (20 loops [14]) was considered.
As the positioning of the subject plays a role in the
severity of the response to nerve stimulation, we inves-

tigated a series of phantom positions with respect to the

gradient coil system (see Fig.1A): from the coil center to

the end of the coil windings, where the largest magnetic

fields exist. The simulation results are shown in Fig. 1B.

http://www.brooks.af.mil/AFRL/HED/hedr/
http://www.brooks.af.mil/AFRL/HED/hedr/
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From this figure, it can be seen that the induced eddy
currents were larger near the winding end and lower at

the centre, and also the conductivity profile influenced

the local field values. In this model, the current den-

sity maximum was localized deep within the phantom

even though the E-field maximum still occurs at the

surface. This type of information cannot be obtained

from homogeneous isotropic models. Clearly the in-

duced fields are sensitive to the model parameters. As
shown in Fig. 1B, the numerical method is also veri-

fied against the available analytic solutions expressed

by Debye potentials [1,18]. The comparison demon-

strates that both methods generated similar values and

the results reflect the effect of inclusion of the highly-

contrasted conductivity profiles on the eddy current

distribution.

Calculation of the E-fields in a whole-body human model

In this case, we implement a more complicated

simulation, a human whole-body model in planar

y-Gradient coils, as shown in Fig. 2A. Fig. 2B illustrates

the DEMC profile at y ¼ 0 plane (left) and x ¼ 0 (mid-

dle and right) plane, which was employed as an EMF

source in the FDTD calculations. As mentioned before,
the values used for the electrical properties of [the] hu-

man body were obtained from US Air Force Research

Lab, and the detailed data at 1 kHz can also be found in

[6]. For this calculation, a cell size of 10mm was used, so

the entire computational domain was divided into Nx�
Ny � Nz ¼ 103� 78� 232 � 1:8� 106 cells. The human
Fig. 3. Calculation of the induced E-fields inside the human whole-body mo

illustration of the mapping of the wires onto the staggered Yee cells for standa

generated by low-frequency FDTD method (B,[10]) with cell-size of 10mm.
body model containing 357,918 cells was placed in the
center. The numerical simulation ran for 5000 iterations

with a ramp-up peak at 2000 iterations. The total

computational time was about 1 h on a DELL computer

with single Intel P4 CPU (2.4G Hz).

The result for the E-field distribution is shown in

Fig. 2C. From this figure, it can be seen that the induced

field pattern is complicated due to the anatomical

structure of the body. In general terms, the E-fields are
larger away from the centre of the body, as expected,

and at the resolution used here, there may be even larger

fields just outside the outermost voxels.

For comparison and validation, we have also calcu-

lated the E-fields using a previously-published low-fre-

quency FDTD method [10] as a standard. The same

gradient coil (see Fig. 2A) was used for both simula-

tions. In the standard FDTD calculation, all the coil
wires were discretized into a mesh of Yee cells as current

source (see Fig. 3A), and the cell-size was also chosen to

be 10mm. Smaller cell sizes are, of course, possible.

Fig. 3C shows the results obtained from the low fre-

quency FDTD scheme. Only the E-fields at y ¼ 0 plane

have been provided for illustration. From this result and

Fig. 2C, it can be seen that similar field patterns were

generated. The standard FDTD method, however, re-
quired about 4 h to obtain the final solution, which is

much longer than the DEMC-based FDTD scheme. A

further advantage of the new scheme is that it is able to

calculate transient solutions and so the temporal be-

haviour of induced currents and fields can be studied for

any gradient waveform and configuration.
del excited by the same y-Gradient coils as shown in Fig. 2. (A) The

rd low-frequency FDTD method; (B) The E-field profile at y ¼ 0 plane

The gray-scale used in this figure is the same as that used in Fig. 2C.
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4. Conclusion

A new, modified numerical method for the analysis of

gradient-induced effects in the human body has been

presented. The method is a variant on the FDTD ap-

proach and essentially allows modelling of the interac-

tion of EM fields with tissue where the source has a

complex geometric structure. The main advantage of

this algorithm is that it does not need to discretize
complicated wire structures into a mesh of Yee cells.

Furthermore, the computational resources required are

reduced since the method only considers the space oc-

cupied by the human body.
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